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ABSTRACT

In this paper, we discuss the notion of prime near- ring, which was in-
troduced by Bell and Mason (1987) and Wang (1994) independently.
Recently, many authors have investigated commutativity of prime and
semi-prime rings admitting suitably constrained derivations (see Daif and
Bell (1992), Gölba³i and Koç (2009) for references). Daif and Bell (1992)
showed that a prime ring R must be commutative if it admits a deriva-
tion d such that either d([x, y]) = [x, y] or d([x, y]) = −[x, y] ∀ x, y ∈ I,
where I is a non-zero ideal of R. Beck (1988) linked a commutative ring
R to a graph by using the elements R as vertices and any two vertices
x, y are adjacent if and only if x 6= y and xy = 0. The zero-divisor graph
of a commutative ring R is a graph with the set of non-zero zero-divisors
of R as the vertices and any two vertices x, y are adjacent if and only
if x 6= y and xy = 0. Some comparable results on near-rings have also
been derived Beidar et al. (1996), Boua and Oukhtite (2011), Gölba³i
and Koç (2009). The prime graph of a near-ring is a graph with vertices
as the set of elements of N and edges as the set of vertex pair {x, y} such
that xNy = 0. Indeed N is prime if and only if prime graph is a star
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graph (see Bhavanari et al. (2010)). The objective of the present paper
is to extend some results on prime rings admitting generalized derivation
to prime near-rings, and some results on relationship between the prime
graph and the zero-divisor graph of N . In addition, examples are given to
demonstrate the primeness in the hypothesis is not super�uous. Finally,
we pose some open problems.

Keywords: Commutativity, generalized derivation, prime graph, prime
near-ring, star graph, zero-divisor graph.

1. Introduction

We mean by N a right near ring if (N,+) is an additive group, (N, ·) a semi
group and (x + y) · z = x · z + y · z, ∀ x, y, z ∈ N . Recently, ? proved new
commutativity theorems for rings and applications of commutativity theorems
for rings to near-rings. In addition, some polynomial identities with exponents
depending on x and y for a certain class of near-rings were established. ? and
? investigate some new results on commutativity of prime near-rings and 3-
prime near-rings, respectively. A right near-ring N is a prime if, for all x, y ∈ N
such that xNy = {0} implies x = 0 or y = 0 (see Bell and Mason (1987) for
details), and the symbols [x, y] = xy − yx (resp. x ◦ y = xy + yx ) represent
commutator (resp. anti commutator). An additive map d : N −→ N is called
a derivation if d(xy) = xd(y) + d(x)y for all x, y ∈ N or (equivalently, as
noted in Wang (1994), that is, d(xy) = d(x)y + xd(y) for all x, y ∈ N). An
additive map G : N −→ N is said to be a generalized derivation on N if
there exists a derivation d : N −→ N such that G(xy) = G(x)y + xd(y) holds
for all x, y ∈ N . Assume that C(N) is the multiplicative center of N (i.e.
C(N) = {x ∈ N | xy = yx ∀ y ∈ N}. Recall C(N) 6= φ, as 0 ∈ C(N).

The prime graph of a near-ring N is a graph with elements of N as the
vertices and any two vertices x, y ∈ N are adjacent if and only if xNy = {0}
or yNx = {0}. If N is a commutative ring then the zero-divisor graph of N
is a subgroup of the prime graph N . The idea of a zero-divisor graph was
introduced by Beck (1988) and modi�ed by Anderson and Naseer (1993). Let
R be a commutative ring and Z(R) be the set of non-zero zero-divisors of R.
The zero-divisor graph, as de�ned in Anderson and Livingston (1999), is the
graph with vertices Z(R) and edges a− b if and only if ab = 0 and a = b. Later
these ideas were applied to noncommutative rings by Redmond (2004). If the
requirement that the near-ring have identity is removed, then other zero-divisor
graphs on three vertices can be realized.
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For example, in Robinson and Foulds (1980), two noncommutative rings
(without multiplicative identity) were found to have the zero-divisor graphs.
Examples of graphs of rings on three vertices without unity can be seen in Red-
mond (2004). For an introduction to graph theory and near-rings including ba-
sic de�nitions and properties (see references Redmond (2004) and Groenewald
(1991) for details). Daif and Bell (1992) proved that the non-zero ideal A of a
semi prime ring R is contained in the center of R if

d([x, y]) = [x, y] or d([x, y]) = −[x, y] for all x, y ∈ A. (1)

From the literature, a number of authors have studied commutativity theo-
rems for prime or semi prime rings admitting derivation d or generalized deriva-
tion G satisfying the condition (1). For example, ? extend some commutativity
results for derivations to left generalized derivations in prime rings. In this con-
tinuation, one can investigate some algebraic as well as di�erential identities to
establish the commutativity of a near-ring N admitting generalized derivations.
Now, we de�ne the following near-ring properties to establish the commutativ-
ity of a prime near-ring N if N admits a generalized derivation G together with
one of the conditions:

(p) For every x, y ∈ N there exist polynomials with integral coe�cients
f(x), g(x) ∈ Z[x] such that G satis�es (i) G[x, y] = f(x)(x ◦ y)g(x) or
(ii) G[x, y] = −f(x)(x ◦ y)g(x).

(p1) For every x, y ∈ N there exist polynomials with integral coe�cients
f(x), g(x) ∈ Z[x] such that G satis�es (iii) G(x ◦ y) = f(x)[x, y]g(x)
or (iv) G(x ◦ y) = −f(x)[x, y]g(x).

(p2) For every x, y ∈ N there exist polynomials with integral coe�cients
f(x), g(x) ∈ Z[x] such that G satis�es (v) G[x, y] = f(y)(x ◦ y)g(y) or
(vi) G[x, y] = −f(y)(x ◦ y)g(y).

(p3) For every x, y ∈ N there exist polynomials with integral coe�cients
f(x), g(x) ∈ Z[x] such that G satis�es (vii) G(x ◦ y) = f(y)[x, y]g(y)
or (viii) G(x ◦ y) = −f(y)[x, y]g(y).

In Section 2, we study the commutativity of a prime near-ring N admitting
a non-zero derivation G under the above properties (p), (p1), (p2) and (p3).
As a consequence of the results in this section, we extend Theorem due to Daif
and Bell (1992). Section 3 is devoted to related results on prime graph. The
results of this section are analogue to results in Section 2. The aim of this
paper is to continue this line of investigation and to discuss the commutativity
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of prime near-rings with prime graph involving generalized derivation in more
general setting. In addition we present some open problems for future research
work.

2. The Results

We begin our investigation with some well-known facts and results in near-
rings which will be used frequently throughout the text.
Fact 2.1

(i) Set, for any x, y ∈ N, [x, y] = xy − yx and xoy = xy + yx. then yx in
place of y in the above identities, we �nd that [x, yx] = xyx − yxx =
[x, y]x; [xy, y] = [x, y]y; (xyoy) = xyy + yxy = (xoy)y and (xoyx) =
(xoy)x.

(ii) Take

f(x) =

i=m∑
i=0

xi, g(x) =

j=n∑
j=0

xj , f(y) =

r=p∑
r=0

yr, and g(y) =
s=q∑
s=0

xs.

Then

xf(x) =

i=m∑
i=0

xi+1 = f(x)x; xg(x) =

j=n∑
j=0

xj=1 = g(x)x;

yf(y) =

r=p∑
r=0

xr+1 = f(y)y; and yg(y) =
s=n∑
s=0

xs+1 = g(y)y.

Fact 2.2 [Bell and Mason (1987), Theorem 2]. Let N be a prime near-
ring. If N admits a non-zero derivation d for which d(N) ⊆ Z(N), Z(N) is the
center of N , and then N is a commutative ring.

Fact 2.3 Bhavanari et al. (2010). Assume that prime graph of N is a graph
with vertices as the set of elements of N and edges as the set of elements of N
and edges as the set of vertex pair {x, y} such that xNy = {0} or yNx = {0}.
Then N is prime if and only if the prime graph of a near-ring N is a star graph.
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Fact 2.4 Bhavanari et al. (2010). The zero-divisor graph of a commutative
ring R is a graph with the set of non-zero divisors of R as the vertices any two
vertices x, y are adjacent if and only if x 6= y and xy = 0.

In the following theorems, we prove the main results of Khan and Madugu
(2017) involving generalized derivations in more setting.

Theorem 2.1. If a prime near-ring N admits a generalized derivation G
associated with a non-zero derivation d satis�es the property (p), then N is a
commutative ring.

Theorem 2.2. If a prime near-ring N admits a generalized derivation G
associated with a non-zero derivation d satis�es the property (p1), then N is a
commutative ring.

Theorem 2.3. If a prime near-ring N admits a generalized derivation G
associated with a non-zero derivation d satis�es the property (p2) then N is a
commutative ring.

Theorem 2.4. If a prime near-ring N admits a generalized derivation G
associated with a non-zero derivation d satis�es the property (p3) then N is a
commutative ring.

Proof of Theorem 2.1

Assume the condition (i) of (p) as follows

G[x, y] = f(x)(x ◦ y)g(x) for all x, y ∈ N. (2)

Replacing y by yx in (2), we get

G[x, yx] = f(x)(x ◦ yx)g(x). (3)

By de�nition of generalized derivation, we have

G([x, y]x) = G([x, y])x+ [x, y]d(x). (4)

Substituting the values of (2) and (3) in (4) and using the Fact 2.1 (ii), we get

i=m∑
i=0

xi(x ◦ y)
j=n∑
j=0

xj+1 =

i=m∑
i=0

xi(x ◦ y)
j=n∑
j=0

xj+1 + [x, y]d(x).
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This implies that
[x, y]d(x) = 0. (5)

Replacing y by zy in (5), we �nd that

[x, zy]d(x) = [x, z]yd(x) = 0 ∀x, y, z ∈ N.

This yields
[x, z]Nd(x) = {0} ∀x, z ∈ N. (6)

By an application of primeness of N , the relation (6) gives that for each x ∈ N ,

d(x) = 0 or x ∈ Z(N). (7)

Assume that x ∈ Z(N) then

xy = yx, for all y ∈ N. (8)

Taking derivation both sides in (8), we have d(xy) = d(yx).

This implies that d(x)y + xd(y) = d(y)x + yd(x), but x ∈ Z(N), then
d(x)y = yd(x), for all y ∈ N or d(x) ∈ Z(N). Hence, (7) implies that for all
x ∈ Z(N), d(x) ∈ Z(N), that is, d(N) ⊆ Z(N). In view of Fact 2.2, we obtain
N is a commutative ring.

Now, if condition (ii) of (p) holds, then putting yx for y in (ii), we can similarly
�nd that

G([x, y]x) = G([x, yx]) = −
i=m∑
i=0

xi(x ◦ y)
j=m∑
j=0

xj+1 (9)

= −
i=m∑
i=0

xi(x ◦ y)
j=m∑
j=0

xj+1. (10)

By de�nition of generalized derivation, we have G([x, y]x) = G([x, y])x +
[x, y]d(x) .

Combining (9) and property (ii), we obtain

−
i=m∑
i=0

xi(x ◦ y)
j=m∑
j=0

xj+1 = −
i=m∑
i=0

xi(x ◦ y)
j=m∑
j=0

xj+1 + [x, y]d(x).

This implies that [x, y]d(x) = 0. Use the same argument as above to get the
requited result.
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Proof of Theorem 2.2. Assume the condition (iii) of (p1) as follows

G(xoy) = f(x)[x, y]g(x). (11)

Replacing y by yx in (11), we get

G(xoyx) = G(xoy)x = f(x)[x, y]xg(x),∀x, y ∈ N. (12)

By de�nition of generalized derivation, we have

G((xoy)x) = G(xoy)x+ (xoy)d(x). (13)

Putting the values of (11) and (12) in (13), we �nd that

i=m∑
i=0

xi[x, y]

j=m∑
j=0

xj+1 =

i=m∑
i=0

xi[x, y]

j=m∑
j=0

xj+1 + (xoy)d(x).

This implies that
(xoy)d(x) = 0∀x, y ∈ N (14)

or
xyd(x) = −yxd(x)∀x, y ∈ N.

Setting y by zy in (14), we obtain

xzyd(x) = −zyxd(x) = (−z)(−xyd(x)) = (−z)(−x)yd(x),∀x, y, z ∈ N.

This gives
(xz − (−z)(−x))yd(x) = 0,∀x, y, z ∈ N. (15)

Putting x by −x in (15), we get (−xz + zx)yd(−x) = 0, which implies

− [z, x]yd(x) = [z, x]yd(−x) = 0,∀x, y, z ∈ N. (16)

By an application of primeness ofN , the relation (16) gives that for each x ∈ N ,

d(x) = 0 or x ∈ Z(N). (17)
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The relation (17) is same as (7), using the procedures as in the proof of Theo-
rem 2.1, we �nd that N is a commutative ring.

Next, assume condition (iv) of (p1) holds, putting yx for y in (iv), we can
similarly get

G((xoy)x) = G(xoyx) = −
i=m∑
i=0

xi[x, y]

j=m∑
j=0

xj+1 = −
i=m∑
i=0

xi[x, y]

j=m∑
j=0

xj+1.

(18)

By de�nition of generalized derivation, we haveG(xoyx) = G(xoy)x+(xoy)d(x)
Combining 18 and property (iv), we obtain

−
i=m∑
i=0

xi[x, y]

j=m∑
j=0

xj+1 = −
i=m∑
i=0

xi[x, y]

j=m∑
j=0

xj+1 + (xoy)d(x).

This implies that (xoy)d(x) = 0. Use the same way as above to get the required
result.

Proof of Theorem 2.3. Assume the condition (v) of (p2) as follows

G[x, y] = f(y)(xoy)g(y). (19)

Replacing x by xy in (19), we get

G[xy, y] = G[x, y]y = f(y)(xoy)yg(y),∀x, y ∈ N. (20)

By de�nition of generalized derivation, we have

G([x, y]y) = G([x, y])y + [x, y]d(y). (21)

Substituting the values of (19) and (20) in (21), we get

r=p∑
r=0

yr(xoy)

s=q∑
s=0

ys+1 =

r=p∑
r=0

yr(xoy)

s=q∑
s=0

ys+1 + [x.y]d(y).

This implies that
[x, y]d(y) = 0. (22)
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Putting x by xz in (22), we �nd that

[xz, y]d(y) = [x, y]zd(y) = 0,∀x, y, z ∈ N.

This implies that
[x, y]zd(y) = 0,∀x, y, z ∈ N. (23)

By an application of primeness of N , the relation (23) gives that for each y ∈ N

d(y) = 0 or y ∈ Z(N). (24)

Taking y ∈ Z(N), then
yx = xy,∀x ∈ N. (25)

Taking derivation both sides in (25), we have d(xy) = d(yx).

This implies that

d(y)x+ yd(x) = d(x)y + xd(y),

but y ∈ Z(N), then d(y)x = xd(y),∀x ∈ N or d(y) ∈ Z(N).

Hence, (24) implies that for all y ∈ Z(N), d(y) ∈ Z(N), that is, d(N) ⊆ Z(N).

In view of Fact 2.2, we obtain N is a commutative ring.

Further, if condition (vi) of (p2) holds, then putting xy for x in (vi), we can
similarly �nd that

G([x, y]y) = G([xy, y]) = −
r=p∑
r=0

xr(xoy)

s=q∑
s=0

xs+1 = −
r=p∑
r=0

xr(xoy)

s=q∑
s=0

xs+1.

(26)

By de�nition of generalized derivation, we have G([x, y]y) = G([x, y])y +
[x, y]d(y).

Combining (26) and property (vi), we obtain

−
r=p∑
r=0

xr(xoy)

s=q∑
s=0

xs+1 = −
r=p∑
r=0

xr(xoy)

s=q∑
s=0

xs+1 + [x.y]d(y).
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This implies that [x, y]d(y) = 0. Using the same way as above to obtain the
requited result.

Proof of Theorem 2.4. Assume the condition (vii) of (p3) as follows

G(xoy) = f(y)[x, y]g(y). (27)

Replacing x by xy in (27), we get

G(xyoy) = G(xoy)y = f(y)[x, y]yg(y), ∀ x, y ∈ N. (28)

By de�nition of generalized derivation, we have

G((xoy)y) = G(xoy)y + (xoy)d(y). (29)

Putting the values of (27) and (28) in (29), we �nd that

r=p∑
r=0

xr[x, y]

s=q∑
s=0

xs+1 =

r=p∑
r=0

xr[x, y]

s=q∑
s=0

xs+1 + (xoy)d(y).

This implies that
(xoy)d(y) = 0 ∀ x, y ∈ N

or
yxd(y) = −xyd(y) ∀ x, y ∈ N. (30)

Putting x by zx in (30), we get

yzxd(y) = −zxyd(y) = (−z)(−yxd(y)) = (−z)(−y)xd(y), ∀ x, y, z ∈ N.

This gives
(yz − (−z)(−y))xd(y) = 0 ∀ x, y, z ∈ N. (31)

Putting y by −y in (31), we get (−yz + zy)xd(−y) = 0, which implies

− [z, y]xd(y) = [z, y]xd(−y) = 0, ∀ x, y, z ∈ N. (32)

By an application of primeness of N , the relation (32) gives that for each y ∈ N

d(y) = 0 or y ∈ Z(N). (33)
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It is easily seen that, if y ∈ Z(N), then d(y) ∈ Z(N). Thus relation (33)
implies that ∀y ∈ N, d(y) ∈ Z(N) or d(N) ⊆ Z(N). In view of the Fact 2.2 N
is a commutative ring.

Now, taking the property (viii) of (p3) holds, then putting xy for x in (viii),
we can similarly obtain

G((xoy)y) = G(xyoy) =

r=p∑
r=0

xr[x, y]

s=q∑
s=0

xs+1 =

r=p∑
r=0

xr[x, y]

s=q∑
s=0

xs+1. (34)

This implies that (xoy)d(y) = 0. The rest of the proof is same as earlier
condition (vii).

2.1 Remark

It is worth highlighting that for some particular value of positive integers
m,n, p and q in Theorems 2.1, 2.2, 2.3 and 2.4 reduce to main results in Boua
and Oukhtite (2011), Gölba³i and Koç (2009) and extend results in Khan and
Madugu (2017) for generalized derivations.This uniformity approves that our
results are e�ective.

3. Results on the Prime Graph P (N)

Combine the Facts 2.3 and 2.4, to obtain the following corollaries of our
results on the prime graph P (N).

Result 3.1. Let N be a prime near-ring. If the prime graph P (N) is a star
and there exist positive integers m,n such that N admits a generalized deriva-
tion G associated with a non-zero derivation d satisfying properties (p), (p1) in
Theorems 2.1 and 2.2 then the zero-divisor graph of N is a sub graph of P (N).

Result 3.2. Let N be a prime near-ring. If the prime graph P (N) is a star
and there exist positive integers such that N admits a generalized derivation
G associated with a non-zero derivation d satisfying properties (p2), (p3) in
Theorems 2.3 and 2.4 then the zero-divisor graph of N is a sub graph of P (N).

Malaysian Journal of Mathematical Sciences 119



Khan, M. A.

4. Counterexamples

The following examples exhibit that the primeness hypothesis in Theorems
2.1-2.4 is needed even in the case of arbitrary rings.

Example 4.1. Let R be a non-commutative ring and

N =

{0 0 0
x 0 y
0 0 0

 ∣∣∣∣ ∀ x, y ∈ R
}
.

De�ne a map d : N −→ N by

d

0 0 0
x 0 y
0 0 0

 =

0 0 0
x 0 0
0 0 0

 ,

one can easily see that d is non-zero derivation on N .

Let

B =

0 0 β
0 0 0
0 0 0

 ,

β 6= 0. Then BNB = {0} , which shows that N is not prime. Taking

G

0 0 0
x 0 y
0 0 0

 =

0 0 y
0 0 0
0 0 0

 ,

then G is a generalized derivation on N that satis�es the property

G([A,B]) = A ◦B

or
G(A ◦B) = [A,B]

for all A,B ∈ N , and N is a non-commutative ring.

Example 4.2. Let R be a non-commutative ring and

N =

{[
α β
0 0

] ∣∣∣∣ α, β ∈ R}.
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De�ne a map d : N −→ N by

d

([
α β
0 0

])
=

[
0 β
0 0

]
,

one can easily see that d is non-zero derivation on N .

Let

B =

[
0 β
0 0

]
,

β 6= 0. Then BNB = {0} , which shows that N is not prime. Taking

G

([
α β
0 0

])
=

[
0 β
0 0

]
,

then G is a generalized derivation on N that satis�es the property

G([A,B]) = A[A,B]A

for all A,B ∈ N , and N is a non-commutative ring. Also, an alternate example
can be found in Shang (2015).

5. Concluding Remarks

Author concludes this paper by considering some reservations for further
research. The properties (p), (p1), (p2) and (p3) are assumed to be held for all
x, y ∈ N .

Does Theorem 2.1 or Theorem 2.2 or Theorems 2.3 or Theorem 2.4 still
true if above conditions hold for only x, y ∈ S ⊆ N , where S is suitable type
of non-zero ideal of N?

The commutativity of torsion-free near-rings is additional fascinating forth-
coming research e�ort.

6. Open Problems

One can look more general constraints on the some type of derivations and
the constraints such as commutativity of torsion-free near-rings would be in-
teresting.
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6.1. Let N be a prime near-ring. If N admits a non-zero skew-derivation
(skew-generalized derivation) d such that d(xy − yx) = αxp(xy + yx)xq or
d(xy− yx) = αyp(xy− yx)yq, for any x, y ∈ N and α, p, q are positive integers,
then N is a commutative ring.

6.2. Let N be a prime near-ring and there exist nonnegative integers β, p, q.
If N admits a non-zero multiplicative derivation (multiplicative generalized
derivation) δ such that δ(xy − yx) = βxp(xy + yx)xq ∈ Z(N) or δ(xy − yx) =
βyp(xy − yx)yq ∈ Z(N), for any x, y ∈ N , then N is a commutative ring.

6.3. The conditions (p) − (p3) are assumed to be held for all x, y ∈ N. Does
Theorem (2.1)or (2.2)or (2.3) or (2.4) true if these conditions held for only
x, y ∈ S ⊆ N , where S is a semigroup ideal of prime near-ring N?
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